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monotonicity: $A_{1}\leq A_{2},$ $B_{1}\leq B_{2}$ imply $A_{1}mB_{1}\leq A_{2}mB_{2}$ .
semi-continuity: $A_{n}\downarrow A,$ $B_{n}\downarrow B$ imply $A_{n}mB_{n}\downarrow AmB$ .
transformer inequality: $T^{*}(AmB)T\leq(T^{*}AT)m(T^{*}BT)$ ( : $\exists T^{-1}$ ).
normalization: A $mA=A$.
transformer inequality :








A $mB=A^{1/2}f_{m}(A^{-1/2}BA^{-1/2})A^{1/2}=aA+bB+ \int_{(0,\infty)}$(tA): $B \frac{1+t}{t}d\mu_{m}(t)$
( $\mu$ $a=\mu_{m}(\{0\}),$ $b=\mu_{m}(\{\infty\})$ ) .
Hilbert Hilbert




$\mathrm{d}\mathrm{o}\mathrm{m}f\neq\emptyset$ lower semi-continuous closed
epigraph :
$\mathrm{e}\mathrm{p}\mathrm{i}f=\{(x, \alpha)\in H\cross \mathrm{R}|f(x)\leq\alpha\}$
$\Gamma=\Gamma(H)$ proper lower semi-continuous
$H$
Exmple.









Fenchel conjugate $f^{*}$ :




Young’s inequality: $f^{*}(y^{*})\geq{\rm Re}\langle x,y\rangle-f(x)$
$(1^{*})$ $f\leq g$ implies $f^{*}\geq g^{*}$ .
$(2^{*})$ $(f\pm\alpha)^{*}=f^{*}\mp\alpha$ .
$(3^{*})$ $(\alpha f)^{*}(\alpha y^{*})=\alpha f^{*}(y^{*})$ $(\alpha>0)$ .
$(4^{*})$ :l.s.c. (lower semi-continuous)
$(5^{*})$ $f^{**}=f\in\Gamma$










, , U.Mosco [9]
Mosco $f= \mathrm{M}-\lim f_{n}arrow$ $=$
(i) $\forall x\in H,$ $\exists x_{n}\in H$ with $\mathrm{s}-\lim x_{n}=x$ and $f(x)= \lim_{narrow\infty}f_{n}(x_{n})$ ,
n\rightarrow
(ii) $f(x) \leq\lim \mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}f_{n}(x_{n})$ for w- $x,$ $=x$ .
n\rightarrow n\rightarrow
:
$f= \mathrm{M}-\lim$ fn\Leftrightarrow f*=M- $f_{n}^{*}$
$narrow\infty$ n\rightarrow
, Mosco (cf. [4])
, Atteia-Riissouli
$f \tau_{h}g=(\frac{f^{*}+g^{*}}{2})^{*}$








parallel sum $\langle A : Bx, x\rangle=\inf_{y+z=x}\langle Ay,y\rangle+\langle Bz, z\rangle$
,
$f_{A}*g_{B}=f_{A:B}$
$A$ : $B=(A^{-1}+B^{-1})^{-1}$ , $AhB=2(A : B)$
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, $\tau f(x)=f(Tx)$ $2(f : f)=f$
,





$t\in \mathrm{d}\mathrm{o}\mathrm{m}f,$ $s\in \mathrm{d}\mathrm{o}\mathrm{m}g$
$4(f : g)(x)\leq f(2x-s)+g(s)$ , $\leq f(t)+g(2x-t)$ .
( , $f(0)=0$ (resp., $g(0)=0$)
$f$ : $g(x) \leq\frac{1}{4}g(2x)$ (resp., $f$ : $g(x) \leq\frac{1}{4}f(2x).$ )
$f$ (resp., $g$):quadratic







transformer inequality: $\tau(f : g)\leq(_{T}f)$ : $(_{T}g)$ .
homogeneity: $(\alpha f : \alpha g)=\alpha(f : g)$ for $\alpha>0$ .
quadratic preserving: If $f$ and $g$ is quadratic, then so is $f$ : $g$ .
$T$ transformer equality $(_{T}f)^{*}=(T^{-1})$. $(f^{*})$ , homo-







$(f \sigma_{m}g)(x)=af(x)+bg(x)+\int_{(0,\infty)}(_{2}\underline{1}\pm\underline{t}f$ : $t_{\underline{1}} \pm lg)2t(x)\frac{4}{1+t}d\mu_{m}(t)$
$f,$ $g$ :quadratic
$(f \sigma_{m}g)(x)=af(x)+bg(x)+\int_{(0,\infty)}((tf) : g)(x)\frac{1+}{t}$td\mu (t)
$\delta f(x)=f(sx)=$
$s^{2}f(x)(s>0)$
$(_{22}\underline{1}\pm tf$: $t_{\underline{1}} \pm_{t}tg)(x)\frac{4}{1+t}=(\frac{(1+t)^{2}}{4}f$ : $\frac{(1+t)^{2}}{4t}g)(x)\frac{4}{1+t}=(tf : g)\frac{1+t}{t}$
monotonicity, semi-continui tran
former inequality, homogeneity, quadratic preserving
normalization
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$\frac{4}{1+t}(\frac{1+t}{2}f$ : $t_{\frac{1+t}{2t}}f)(x)= \frac{1}{1+t}((_{\frac{1+t}{2}}f)^{*}+(t_{\frac{1+t}{2t}}f)^{*})^{*}(2x)$
$= \frac{1}{1+t}$ ( $($ $f)^{*}+t( l+t2f)^{*}$) $(2x)= \frac{1}{1+t}((1+t)$ $($ $f)^{*})^{*}(2x)$
=(( f)*)*(–1+2$t^{X)}=( \frac{2}{1+t}f^{*})^{*}(\frac{2}{1+t}x)$















$m$ $\sigma_{m}$ locally bounded, $\mathrm{P}\mathrm{L}$ functional
LBPL preserving
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$\Gamma_{0}$ : loca $\mathrm{y}$. $\mathrm{b}\mathrm{d}\mathrm{d}$ . $\mathrm{P}\mathrm{L}$ functionals in $\Gamma$





[1] W.N.Anderson and R.J.Duffin: Series and parallel addition of matices, J. Math.
Anal. Appl., 26(1969), 576-594.
[2] T.Ando: Topics on operator inequalties, Holdcaido Univ. Lecture Note, 1978.
[3] M.Atteia and $\mathrm{M}.\mathrm{R}\dot{\mathrm{a}}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{i}$:Self dual operators on convex functionals geometric
mean and square root of convex functionals, J. Convex Anal., $8(2001)$ , 223-240.
[4] H.Attouch: Variational convergence for fimctions and operators, Pitman, 1984.
[5] P.A.FiUmore and J.P.Wilh.ams: On operator ranges, Adv. in Math., $7(1971),$ $254-$
$281$ .
[6] J.I.Fuj\"u: AtithmeticO-geometric mean of operators, Math. Japon., 23 (1978), 667-
669.
[7] J-B.Hiriart-Urruty and C.Lemar\’echal: Convex analysis and minimization algO-
rithms $\mathrm{I},$ $\mathrm{I}\mathrm{I}$, Springer-Verlag, 1993.
[8] F.Kubo and T.Ando: Means of positive linear operators, Math. Ann., 248 (1980)
205-224.
[9] U.Mosco: Convergence of convex sets and of solutions of variational inequalities,
Adv. in Math., $3(1969)$ , 510-585.
[10] M. $\mathrm{R}\dot{\mathrm{a}}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{i}$ and M.Chergui: ArithmeticO-Geometric and GeometricO-harmonic
means of two convex functionalS, to appear in Sci. Math. Japon.
[11] R.T.Rockafelar and R. $\mathrm{J}$-B. Wets: Variational analysis, Springer-Verlag, 1998.
172
